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Abstract
We deﬁne generating functions of q-generalized Euler numbers and polynomials and twisted
q-generalized Euler numbers and polynomials. By using these functions, we give some properties
of these numbers. We construct a complex twisted lq -functions which interpolate twisted q-
generalized Euler numbers. As an application, we obtain the values of twisted lq -functions at
non-positive integers. Therefore, we ﬁnd a relation between twisted lq -functions and twisted
q-generalized numbers explicitly.
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1. Introduction
In [5], Koplitz constructed a q-analogue of the p-adic L-function Lp,q(s, x) and
suggested two questions. Question (1) was solved by Satoh [6]. Satoh constructed
a complex analytic q–L-series which is a q-analogue of Dirichlet’s L-function and
interpolates q-Bernoulli numbers, which is an answer to Koblitz’s question. Satoh [6]
proved the distribution relation for Carlitz’s q-Euler polynomials and constructed p-adic
q-Euler measures to obtain a p-adic interpolation function for q-Euler numbers, on the
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same way that Koblitz constructed Lp,q(s, ). By using p-adic invariant measure, Kim
[2] answered to part of question (1) of Koblitz.
In [12], Tsumura constructed q-analogues of the Dirichlet series which related to
algebraic number ﬁeld. He also constructed q-analogues of the p-adic log--functions,
similar to [5]. But he did not give explicit relations between these functions and alge-
braic number ﬁeld. By applying q-analogues of the Dirichlet L-series, he obtained the
q-representations for the class number formulae.
In [3], by using the p-adic q-integral due to Kim [2], Kim and Son [3] deﬁned p-
adic q-analogue of the ordinary Bernoulli numbers and generalized q-Euler numbers.
They gave a different construction of Tsumura’s [11] p-adic function lp(u, s, ).
The objective of this paper is to construct a complex analytic twisted lq( u , s, ) series
which is q-analogue of lq -series and interpolates twisted q-Euler numbers, which is
an answer to Koblitz’s question (1) related to Euler numbers. We induce the twisted
lq -series from the generating function of twisted generalized q-Euler numbers.
The generating function of q-Euler numbers Fu,q is given by [7]: if | u |> 1,
Fu,q(t) = (1− 1
u
)
∞∑
n=0
e[n]t
un
,
where q is a complex number with |q| < 1. In the complex case, the generating
function of q-generalized Euler numbers Fu,q,(t) is given as follows:
Fu,q,(t) =
f∑
a=1
(a)uf−ae[a]tFuf ,qf (t[f ]qa)
= (1− 1
uf
)
f∑
a=1
(a)uf−a
∞∑
n=0
e[f n+a]t
uf n
(1.1)
=
∞∑
n=0
Hn (u, q)
tn
n! ,
where q is a complex number with | q |< 1, Hn (u, q) is the nth q-generalized Euler
number, and
[x] = [x; q] = 1− q
x
1− q
and [a+ nf ] = [a] + qa[nf ], [nf ] = [f ][n; qf ]. Note that the series on the right-hand
side of (1.1) is uniformly convergent in the wider sense. Consequently, we have
Hk (u, q) =
dk
dtk
Fu,q,(t) |t=0= (1− 1
uf
)
f∑
a=1
(a)uf−a
∞∑
n=0
[f n+ a]k
uf n
.
Y. Simsek / Journal of Number Theory 110 (2005) 267–278 269
This is used to construct a lq(u, s, ) series. Fu,q,(t) is uniquely determined as a
solution of the following q-difference equation:
Fu,q,(t) = (1− 1
uf
)
f∑
a=1
(a)uf−ae[a]t + e
[f ]tFu,q,(qf t)
uf
. (1.2)
Note that if  = 1, then (1.2) reduces to
Fu,q(t) = 1− 1
u
+ 1
u
etFu,q(qt). (1.3)
The above equation was given by Satoh [6]. If q → 1, then Fu,q(t) = Fu(t), which is
given by [8]
Fu(t) = 1− u
et − u.
The generating function of twisted q-generalized Euler numbers Fu,q,(t) is given
by
Fu
 ,q,
(t) =
∑
1 a f
0 b<r
(a)a+bf urf−a−bf e[a+bf ]tFurf ,qrf (t[rf ]qa+bf )
= (1− 1
urf
)
∑
1 a f
0 b<r
(a)a+bf urf−a−bf
∞∑
n=0
e[rf n+a+bf ]t
urf n
(1.4)
=
∞∑
n=0
Hn,(u, q)
tn
n! ,
where  is a Dirichlet character with conductor f and  is rth root of 1. The remarkable
point is that the series on the right-hand side of (1.4) is uniformly convergent in the
wider sense. Therefore, we have
Hk,(u, q) =
dk
dtk
Fu
 ,q,
(t) |t=0
= (1− 1
urf
)
∑
1 a f
0 b<r
(a)a+bf urf−a−bf
∞∑
n=0
[rf n+ a + bf ]k
urf n
. (1.5)
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Eq. (1.5) is used to construct a twisted lq( u , s, ) series. Fu ,q,(t) is uniquely deter-
mined as a solution of the following q-difference equation:
Fu
 ,q,
(t) = (1− 1
urf
)
∑
1 a f
0 b<r
(a)a+bf urf−a−bf +
e[rf ]tF u
 ,q,
(qrf t)
urf
. (1.6)
If r = 1, (1.6) reduces to (1.2).
Now we summarize this work in detail.
In Section 2, we construct generating functions of q-generalized Euler numbers
and twisted q-generalized Euler numbers. We also deﬁne twisted q-generalized Euler
numbers and polynomials. We give some basic properties of these numbers.
In Section 3, we construct twisted lq -series. We give the values of the twisted lq -
series at non-positive integers. By using the generating function of twisted q-generalized
Euler numbers, we prove the numbers lq( u ,−n, ) explicitly.
Notations: q is considered as indeterminate, a complex number q ∈ C. If q ∈ C,
one assume that | q |< 1.
We use the notation
[x] = [x; q] = 1− q
x
1− q .
Note that limq→1[x, q] = x.
Carlitz’s q-Euler numbers Hk(u, q) can be determined inductively by [1,6] H0(u, q) =
1, for k1,
(qH + 1)k − uHk(u, q) = 0,
where u is a complex number with | u |> 1, and for k0,
Hk(u, x, q) = (qxH + [x])k,
with the usual convention of replacing Hj by Hj . As q → 1, we have Hk(u, q) →
Hk(u) and Hk(u, x, q) → Hk(u, x), where Hk(u) and Hk(u, x) are the usual Euler
numbers and Euler polynomial, respectively.
2. Generating function of generalized q-Euler numbers
Satoh [7] constructed generating function of q-Euler numbers as follows:
Fu,q(t) = (1− 1
u
)
∞∑
n=0
e[n]t
un
=
∞∑
n=0
Hn(u, q)
tn
n! . (2.1)
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The generating function of q-Euler polynomials is given by
Fu,q(t, x) = Fu,q(qxt)e[x]t
= (1− 1
u
)
∞∑
n=0
e[n+x]t
un
=
∞∑
n=0
Hn(u, x, q)
tn
n! . (2.2)
(Note that [u+ v] = [u] + qu[v] is used in the above.)
We consider the generalized q-Euler numbers, Hn (u, q), which are deﬁned by Satoh
[6]. We shall explicitly determine the generating function Fu,q,(t) of Hn (u, q) as
follows:
Fu,q,(t) =
∞∑
n=0
Hn (u, q)
tn
n! . (2.3)
This is the unique solution of the following q-difference equation:
Fu,q,(t) = (1− 1
uf
)
f∑
a=1
(a)uf−ae[a]t + e
[f ]tFu,q,(qf t)
uf
. (2.4)
Lemma 2.1. Let  be a primitive Dirichlet character of conductor f ∈ N.
Fu,q,(t) =
f∑
a=1
(a)uf−ae[a]tFuf ,qf (t[f ]qa)
= (1− 1
uf
)
f∑
a=1
(a)uf−a
∞∑
n=0
e[f n+a]t
uf n
. (2.5)
Proof. The right-hand side of (2.5) is uniformly convergent in the wider sense, and
satisﬁes (2.4). 
In the case when  = 1, (2.5) reduces to (1.3).
The generating function of generalized q-Euler polynomials is deﬁned as follows
Fu,q,(t, x) = Fu,q,(qxt)e[x]t . (2.6)
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We give the generalized q-Euler polynomials as follows:
Theorem 2.1. Let  be a primitive Dirichlet character of conductor f . For any positive
integer n, we have
Hn (u, x, q) = [f ]n
f∑
a=1
(a)uf−aHn(uf , x + a
f
, qf ).
Proof. By (2.6), we have
Fu,q,(t, x) = Fu,q,(qxt)e[x]t =
∞∑
n=0
Hn (u, x, q)
tn
n! . (2.7)
Substituting (2.5) into (2.7), we obtain
Fu,q,(t, x) =
f∑
a=1
(a)uf−ae[a+x]tFuf ,qf (t[f ]qa+x).
We now use deﬁnition of Fu,q(t) in the above, then we arrive at the following:
Fu,q,(t, x) = (1− 1
uf
)
f∑
a=1
(a)uf−a
∞∑
n=0
u−f ne[f n+a+x]t
=
f∑
a=1
(a)uf−a((1− 1
uf
)
∞∑
n=0
e
[n+ a+x
f
;qf ][f ]t
(uf )n
),
where we use [a + nf ] = [a] + qa[nf ], [nf ] = [f ][n; qf ]. Substituting (2.2) into the
above, we have
Fu,q,(t, x) = [f ]n
f∑
a=1
(a)uf−a
∞∑
n=0
Hn (u,
x + a
f
, qf )
tn
n! . (2.8)
By comparing coefﬁcient of tn
n! in the right-hand side of (2.7) and (2.8) series, we
obtain the desired result. 
Note that we can give the generalized q-Euler numbers. For x = 0, the following
Corollary is the special case of Theorem 2.1.
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Corollary 2.1. Let  be a primitive Dirichlet character of conductor f . For any positive
integer k, we have
Hn (u, q) = [f ]n
f∑
a=1
(a)uf−aHn(uf , a
f
, qf ).
We shall explicitly determine the twisted generating function Fu
 ,q,
(t) of Hn,(u, q).
Let  be a primitive Dirichlet character of conductor f and  be rth root of 1.
Fu
 ,q,
(t) =
∞∑
n=0
Hn,(u, q)
tn
n! .
This is the unique solution of the following q-difference equation:
Fu
 ,q,
(t) = (1− 1
urf
)
∑
1 a f
0 b<r
(a)urf−a−bf e[a]t +
e[rf ]tF u
 ,q,
(qrf t)
urf
. (2.9)
Lemma 2.2.
Fu
 ,q,
(t) =
∑
1 a f
0 b<r
(a)a+bf urf−a−bf e[a+bf ]tFurf ,qrf (t[rf ]qa+bf )
= (1− 1
urf
)
∑
1 a f
0 b<r
(a)a+bf urf−a−bf
∞∑
n=0
e[rf n+a+bf ]t
urf n
. (2.10)
Note that the series on the right-hand side of (2.10) is uniformly convergent in the
wider sense.
Proof of Lemma 2.2. It is easy to show that the right-hand side of (2.10) satisﬁes
(2.9). 
As q → 1 in (2.10), we have Fu
 ,q,
(t) → Fu
 ,,
(t), where Fu
 ,
(t) is the usual
generating function of twisted generalized Euler numbers, which is deﬁned as follows
[10]:
Fu
 ,
(t) =
f−1∑
a=0
(urf − 1)(a)aeatuf−a−1
f ef t − uf =
∞∑
n=0
Hn,(u)
tn
n! .
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The generating function of twisted q-generalized Euler polynomials is given by
Fu
 ,q,
(t, x) = Fu
 ,q,
(qxt)e[x]t
= (1− 1
urf
)
∑
1 a f
0 b<r
(a)a+bf urf−a−bf
∞∑
n=0
e[rf n+a+x+bf ]t
urf n
=
∑
1 a f
0 b<r
(a)a+bf urf−a−bf e[a+x+bf ]tFurf ,qrf (t[rf ]qa+x+bf )
=
∞∑
n=0
Hn,(u, x, q)
tn
n! .
We can similarly give twisted q-generalized Euler numbers and polynomials. The fol-
lowing Theorem and Corollary are given without proof. Their proofs are quite similar
to that of Theorem 2.1.
Theorem 2.2. Let  be a primitive Dirichlet character of conductor f and  be rth
root of 1. For any integer n, we have
Hn,(u, x, q) = [rf ]n
∑
1 a f
0 b r
(a)a+bf urf−a−bf Hn(urf , x + a + bf
rf
, qrf ).
Corollary 2.2. Let  be a primitive Dirichlet character of conductor f and  be rth
root of 1. For any integer n, we have
Hn,(u, q) = [rf ]n
∑
1 a f
0 b<r
(a)a+bf urf−a−bf Hn(urf , a + bf
rf
, qrf ).
We shall next describe some simple properties of Hn,(u, q) and H
n
,(u, x, q) as
follows:
(i) If  = 1, the principal character (f = 1), and r = 1, then Fu
 ,q,
(t) = Fu,q(t),
so that Hn1,1(u, q) = Hn(u, q).
(ii) If r = 1, then Fu
 ,q,
(t) = Fu,q,(t), so that Hn,1(u, q) = Hn (u, q) and
Hn,1(u, x, q) = Hn (u, x, q).
(iii) Hn,(u, 0, q) = Hn,(u, q), n0.
(iv)
H 0,(u, q) =
∑
1 a f
0 b<r
(a)a+bf urf−a−bf H0(urf ,
a + bf
rf
, qrf ).
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By using deﬁnition of q-Euler numbers, we have H0(u, x, q) = 1. Thus we get
H 0,(u, q) =
∑
1 a f
0 b<r
(a)a+bf urf−a−bf =
f∑
a=1
(a)aurf−a
r−1∑
b=0
(
f
uf
)b.
By applying geometric progression in the second sum in the above and after some
calculations, we obtain
H 0,(u, q) =
urf − 1
uf − f
f∑
a=1
(a)a
ua−f
.
If r = 1, then
H 0,1(u, q) = uf
f∑
a=1
(a)
ua
.
3. Twisted lq-series
Satoh [6] constructed a complex analytic q–l-series which interpolates q-Euler num-
bers at non-positive integers. We shall give these functions as follows: For s ∈ C,
lq(u, s) =
∞∑
n=0
1
un[n]s .
Tsumura [11] studied on p-adic l-series and its properties in detail. Satoh [6] con-
structed a complex and a p-adic q–l-series which interpolate q-Euler numbers in the
p-adic case. By (2.1), for k0, we have
Hk(u, q) = d
k
dtk
Fu,q(t) |t=0
= (1− 1
u
)
∞∑
n=0
[n]k
un
. (3.1)
Proposition 3.1 (Satoh [6]). For any positive integer k0, we have
lq(u,−k) =
{ 1
1−u , k = 0
u
1−uHq(u, q), k1.
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Proof. By using (3.1), we have
lq(u,−k) = (1− 1
u
)
∞∑
n=0
[n]k
un
= u
u− 1Hk(u, q).
We obtain the desired result. 
For k0, by applying Lemma 2.1, we have
Hk (u, q) =
dk
dtk
Fu,q,(t) |t=0
= (1− 1
uf
)
f∑
a=1
(a)uf−a
∞∑
n=0
[f n+ a]k
uf n
. (3.2)
An interpolation function for Hk (u, q) numbers are given by
Deﬁnition 3.1 (Satoh [6]). For s ∈ C,
lq(u, s, ) =
∞∑
n=1
(n)
un[n]s . (3.3)
The values of lq(u, s, ) at non-positive integers are given by
Proposition 3.2 (Satoh [6]). For any positive integer k0, we have
lq(u,−k, ) = 1
uf − 1H
k
 (u, q).
Proof. Substituting n = a + mf with m = 1, ...∞, a = 1, ..., f − 1 and s = −k into
(3.3), we obtain
lq(u,−k, ) =
f∑
a=1
(a)
ua
∞∑
n=0
[fm+ a]k
ufm
.
By substituting (3.2) into the above, we have
Hk (u, q) = (uf − 1)lq(u,−k, ).
Then we obtain the desired result. 
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Koblitz [4] and Simsek [9] constructed twisted L-functions which are found useful
in number theory and p-adic analysis. The author gave some fundamental properties
of twisted L-functions and twisted Bernoulli numbers.
Here, we construct a complex twisted q–l-series which interpolate twisted q-
generalized Euler numbers. As applications, we obtain the values of twisted lq -series
at non-positive integers.
Let r be a positive integer, and let  be rth root of 1. Then twisted L-functions are
deﬁned as follows [4,9]:
L(s, , ) =
∞∑
n=1
(n)n
ns
.
Since the function n → (n)n has period f r , this is a special case of the Dirichlet
L-functions. Such L-series (for r = f ) are used classically to prove the formula for
L(1, ) by Fourier inversion. Finally, we deﬁne an interpolation function for twisted
q-generalized Euler numbers.
Deﬁnition 3.2. For s ∈ C,
lq(
u

, s, ) =
∞∑
n=1
(n)n
un[n]s , (3.4)
where  is rth root of 1.
The values of lq( u , s, ) at non-positive integers are given by
Theorem 3.3. For any integer K0, we have
lq(
u

,−k, ) =
Hk,(u, q)
urf − 1 .
Proof. Substituting n = a+bf+mrf with m = 1, ...∞, a = 1, ..., f, b = 0, 1, 2, ..., r−1
and s = −k, k0 into (3.4), we obtain
lq(
u

,−k, ) =
∑
1 a f
0 b<r
(a)a+bf u−a−bf
∞∑
m=1
[rfm+ bf + a]k
urfm
.
By substituting (1.5) into the above, we have
Hk,(u, q) = (urf − 1)lq(
u

,−k, ).
Then we obtain the desired result. 
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Remark 3.1. We may construct a p-adic twisted interpolation function for twisted
q-generalized Euler numbers and may prove Kummer congruence for these numbers.
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